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Abstract. We classify locally homogeneous quasi-Sasakian manifolds in dimension five that 
admit a parallel spinor 1/1 of algebraic type F ■ ip = with respect to the unique connection 
V preserving the quasi-Sasakian structure and with totally skew-symmetric torsion. We 
introduce a certain conformal transformation of almost contact metric manifolds and discuss 
a link between them and the dilation function in 5-dimensional string theory. We find 
natural conditions implying conformal invariances of parallel spinors. We present topological 
obstructions to the existence of parallel spinors in the compact case. 



1. Introduction 

The basic model in type II string tlieory is a 6-tuple (M", g, V, T, <i>, V') consisting of a Rie- 
mannian metric g, a metric connection V with totally skew-symmetric torsion form T, a dilation 
function <I> and a spinor field ^. The string equations can then be written in the following form 
(see and |TF1|EI|): 

Ric^ i .J9(T) + 2- Vf(d$) = 0, (5f(T) = 2-(grad($) JT), 

VtP = 0, (2 • d$ - T) • V = . 
If the dilation function is constant the string equations simplify: 

Ric^ = 0, S3(T) = 0, = 0, T-iP = 0. 

In fact, the bosonic part is taken with one- loop contribution. With two- loop contribution it 
receives additional terms involving quadratic terms of the curvature (see |HPp . The fermionic 
part, i.e., the Killing spinor equation, is responsible for the preserved supersymmetries. The 
number of preserved supersymmetries depends on the number of parallel spinors. In this paper 
we concentrate our attention mainly on the geometry of the solutions of the Killing spinor 
equations in dimension five. In this dimension the V-parallel spinor field ip defines, via the 
formulas 

C-V' = i-i^, -2 - (p{X) ■^P + ^- X - ^ = i-X-^P, 
an almost contact metric structure (M^ , g,£^,ri, (p), which is preserved by the connection V. A 
simple algebraic computation yields the equations 

^(0 - 0, ^2 ^ -Id + r?®C, g{^{X),^{Y)) ^ g{X,Y)-v{X)-v{Y). 

However, the contact condition 77 A (drj)^ 7^ need not be satisfied in general. This suggests 
that in dimension five the solutions of the type II string equations are related to suitable 
almost contact metric structures. In fact, not any such geometric structure is admissible. The 
first condition is that there should exist a connection with totally skew-symmetric torsion and 
preserving the almost contact metric structure. In the paper jFI] we proved that an almost 
contact metric structure admits such a connection if and only if the Nijenhuis tensor N is totally 
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skew-symmetric and if the vector field ^ is a Killing vector field. In this case the connection is 
unique and we derived a formula for the torsion form T. Suppose now that we fix an almost 
contact metric structure of that type. Then we have a reduction of the frame bundle J-{M^) 
to the subgroup U(2) C S0(5). But the isotropy group of a spinor in the 5-dimensional spin 
representation A5 does not coincide with U(2). Therefore the existence of a V-parallel spinor 
field imposes a second condition on the almost contact metric structure under consideration. 
The almost contact metric structure splits the spinor bundle S of into two 1-dimensional 
bundles and into one 2-dimensional bundle Y? . Since the unique connection V preserves 
the almost contact metric structure, it preserves the decomposition of the spinor bundle, too. 
Consequently, we obtain two different integrability conditions for the V-parallel spinor. The 
case that the spinor field is a section in one of the 1-dimensional subbundles means that 
the connection V has a reduction to the subgroup SU(2). Equivalently, the Ricci tensor of the 
connection has to satisfy certain algebraic relations. This case was studied in FI . In particular, 
there are compact Sasakian manifolds with V-parallel spinor fields of that algebraic type. The 
aim of this paper is to study the almost contact metric structures in dimension five admitting a 
V-parallel spinor field inside the 2-dimensional bundle . We classify all locally homogeneous 
quasi-Sasakian structures with a V-parallel spinor field in the bundle S^. Furthermore, we 
discuss the second Killing equation for spinors in the bundle involving a dilation function 
and show that it has to be constant. Concerning solutions of both Killing spinor equations 
in the bundle S^, we introduce certain transformations depending on a real function (special 
conformal transformations) of an almost contact metric structure and show that any solution to 
both Killing equations in the bundle is invariant under these transformations in dimension 
five. We discuss the close relationship between the dilation function and the Lee form of the 
structure and show that the dilation function can be interpreted as a conformal factor. In 
the regular case, we find that the second Killing equation implies that any parallel spinor is 
projectable. This allows us to list all compact regular solutions to both equations in dimension 
five. Finally we prove, in any odd dimension, a generalization of Tachibana's Theorem for 
harmonic 1-forms on compact quasi-Sasakian manifolds in the presence of some special V- 
parallel spinor. 



2. Contact connections v^rith parallel spinors 

We start with some basic definitions in contact geometry, on which the book |Blair| or the 
article 'CGj may serve as a general reference. An almost contact metric structure consists of 
an odd-dimensional manifold M"^^^^ equipped with a Riemannian metric a vector field ^ of 
length one, its dual 1-form -q as well as an endomorphism Lp of the tangent bundle such that 
the algebraic relations 

Vii) =0, = -Id + 77®e, g{v{X),^{Y)) - g{X,Y)-7^{X)-7^{Y) 

are satisfied. If 77 A {drj)^ 7^ 0, we have a contact manifold. The fundamental form F and the 
Nijenhuis tensor N of an almost contact metric structure are defined by the formulas 

F{X,Y) := g{X,ip{Y)), N{X,Y) ip]iX,Y) + dr,{X,Y) ■ ^ . 

It is clear that rjf\F^ ^ 0. There are many special types of almost contact metric structures. We 
introduce those appearing in this paper. An almost contact metric structure is called normal 
if its Nijenhuis tensor vanishes, = 0. A quasi-Sasakian structure is a normal almost contact 
metric structure with closed fundamental form, N = and dF = 0. The vector field ^ of a 
quasi-Sasakian structure is automatically a Killing vector field. In fact, in Section 3 of the 
present paper we will prove a more general result. A normal, almost contact metric structure 
with the property that the derivative drj of the contact form is proportional to the fundamental 
form are called a-Sasakian, N = 0, drj = a ■ F and a constant. Any a-Sasakian structure is 
quasi-Sasakian. Finally, Sasakian manifolds are characterized by the following two integrability 
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conditions 

TV = 0, drj = 2-F. 

Now we study the spin geometry of the 5-dimensional local model in detail. Let us fix 
an orthonormal basis ei, ... ,65 and consider the almost contact metric structure given by the 
vector ^ := 65 and the skew-symmetric endomorphism ip :— —ei A 62 — 63 A 64. The fundamental 
form F is 

F = ei A 62 + 63 A 64 . 

The subgroup of S0(5) preserving the {g,£,,ri, (^)-structure is isomorphic to the group U(2). A 
form J2 ^ij ' A ej belongs to the Lie algebra u(2) if and only if 

2^14 + a;23 = 0, xi3 - X2i = 0, x^s = . 

Denote by A5 the 5-dimensional spin representation. Vectors act on A5 by Clifford multiplica- 
tion and we will use the following matrix representation (see |Fri2| ) : 
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The fundamental form acts on A5 with eigenvalues (2i, — 2i, 0, 0). Consequently, A5 splits as 
a u(2)-representation into two 1-dimensional representations A^ and one 2-representation A|. 
These spaces are defined by the conditions 

A^ = {V-GAg: F-V = ±2i-V}, = {V' G A5 : F ■ ifj = O} . 

If we split A5 — A^ © A^ as a spin(4)-representation, then we will obtain A^* = A^ ® A^ and 
A J = A|. The isotropy subgroup of a spinor in A^ is isomorphic to the group SU(2) and its 
Lie algebra is given by the formulas: 

a;i4 + a;23 = 0, X13 - X24 = 0, a;i2-l-X34 = 0, 0:^5 = 0. 

On the other hand, the isotropy subgroup inside U(2) of a spinor in Ag is the diagonally 
embedded subgroup U(l): 

2^12 = 2^34, 2^13 = X14 = X23 = ^24 ^ Xi5 = 0. 

Remark that the diagonally embedded subgroup U(l) C U(2) induces the trivial homomorphism 
on the fundamental groups 

7ri(U(l)) ^^i(S0(4)) = Z2 

and, consequently, it lifts into the spin group Spin(4). An easy algebraic computation proves 
the following 

Lemma 2.1. Let lu G u(2) be a 2-form in the Lie algebra of the group U(2). Then the following 
conditions are equivalent: 

(1) There exists a nontrivial spinor tp G A5 such that lu ■ = 0. 

(2) For any spinor ip G A| the Clifford product to ■ ip = vanishes. 

(3) oj is proportional to the fundamental form, uj = a ■ F . 

Let (M^, g, ^, 77, if) be an almost contact metric manifold and denote by T{M^) its Riemannian 
frame bundle. The almost contact metric structure defines a U(2)-reduction TZ C !F{M^) of the 
principal S0(5)-bundle !F{M^). We fix a spin structure and we denote by S the spinor bundle. 
Again, the fundamental form of the almost contact metric structure splits the spinor bundle 
into two 1-dimensional subbundles and one 2-dimensional bundle Y?. Consider a metric 
connection V preserving the almost contact metric structure, i.e., a connection in TZ. Since the 
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connection preserves the decomposition of the spinor bundle too, we can study the problem 
whether or not there are V-parallel spinors in any of these three subbundles of the spinor 
bundle. In case the V-parallel spinor field is a section in one of the bundles E^, the connection 
reduces to the subgroup SU(2) and we obtain only one necessary and sufficient condition: 

Moreover, if the connection V has totally skew-symmetric torsion T, then the latter condition 
becomes equivalent to a certain relation between the Ricci tensor Ric^ and the exterior deriv- 
ative dT of the torsion form (see Proposition 9.1). In particular, for Sasakian manifolds 
and their unique connection with totally skew-symmetric torsion the integrability condition is 

Ric^ = A ■ {g - T] (g> Tj) . 

Compact examples of this type are known (see Proposition 9.2 and Remark 9.3). 

In this paper we shall study the integrability condition for V-parallel spinors xJj E r(I]^) in the 
2-dimensional subbundle, 

yip = 0, F-ij = 0. 

Then the connection V reduces to a U(l)-subbundlc TZq C TZ. Using an adapted frame in TZo 
the abelian connection V is given by a 1-form A: 

Vei ~ A ■ 62, Ve2 ~ — A-ei, Ves — A ■ e^, Ve4 = —A-e^, Ves = 0. 

The curvature form := dA of the 7?,o-connection A is a well defined 2-form on AI^ and the 
curvature tensor is given by the formulas 

R'^{X,Y)ei = n^{X,Y)e2, R'^{X,Y)e2 = -0^(X,r)ei, R^{X,Y)e3 = n'^{X,Y)e4, 

R^{X,Y)ei = -n'^{X,Y)e3, R^{X,Y)e5 = 0. 

Consequently, we obtain the following condition on the curvature for the existence of V-parallel 
spinors in the 2-dimensional bundle E^. 

Theorem 2.1. Let (M^ ,g,S^,rj,ip) be a simply connected, almost contact metric spin manifold 
and let \7 be a connection preserving the structure. Then the following conditions are equivalent: 

(1) There exists a nontrivial, V-parallel spinor field in the subbundle E^, 

V?A = 0, F-i; ^ 0. 

(2) There are two "S/ -parallel spinor fields in the subbundle E^. 

(3) The curvature tensor R^ : k^(M^) K^{M^) is given by the formula 

R^{a) = {n^,a)-F, 
where £7'^ is a closed 2-form. 
Remark 2.1. A connection V with a parallel spinor in one of the bundles E^ and a parallel 
spinor in the bundle E^ is flat. Indeed, the condition i?xYi2 + ^'xy34 ~ ^ yields that the 
curvature form vanishes. If Af^ is compact, then it is a 5-dimensional compact Lie group 
(see [SSTP]^. 

A direct computation of the V-Ricci tensor yields its components: 

< = -n^{e,,e2), i?73 = -r!^(ei,e3), <4 = ^^^(£1,63), 
Rl = -n^{e,,e2), Rl - -17^(62,64), R^i = ^^^(62,63), 
Rl = f7^(e2,e3), i?3''2 = -^7^(61,63), Rjs = -^^^(63,64), 

= fl^{e2,e4), RJ2 = -^^^(61,64), Rj^ = -17^(63,64), 

Eji = 1^^(62,65), RJ2 = ~^^{ei,e^), RZ = ^7^(64,65), Rji = -n^{e3,e5). 

In particular, the two equations Ric^ — 0, Vip = with a spinor field ip G r(E^) in the 
2-dimensional bundle have a solution only in case the connection V is flat. 
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Theorem 2.2. Let {M^,g,£^,rj,ip) be an almost contact metric spin manifold and let V 6e a 
connection preserving the structure. If the Ricci tensor of V vanishes and the connection V 
admits a parallel spinor such that F ■ tp — 0, then the connection V is flat. 

3. Normal almost contact metric structures with V-parallel spinors 

We suppose that the almost contact metric spin manifold (M'^''^^ , g,£,,V7 f) admits a connection 
V with totally skew-symmetric torsion T and preserving the structure. A connection of this 
type exists if and only if the vector field ^ is a Killing vector field and the Nijenhuis tensor 
N treated as a (0,3)-tensor is totally skew-symmetric (see E]). Moreover, the connection is 
unique and its torsion form T is given by the formula 

T = riAdr] + d'^F + N^riA{^_\N), 

where d'^F denotes the (/3-twisted exterior differential of the fundamental form F. In particular, 
we have 

where is the Levi-Civita connection of the Riemannian manifold. If the Nijenhuis tensor N 
is totally skew-symmetric then the Killing condition for ^ becomes equivalent to the equation 
^ J dF — 0. In fact, we have 

Proposition 3.1. Let (M^*^"*"^, ^, 77, yi) be an almost contact metric manifold with totally 
skew- symmetric Nijenhuis tensor N. The vector field ^ is Killing if and only if S, -i dF = 0. 

Proof. In general, the vector field ^ is a Killing field if and only if 

VxC = I'XJdrj 
holds (see |Blair| . page 64). Using the equation (see [Blairj . page 53) 

2.g((Vx^)r,e) - - dF{X,Y,0 + N{Y,t^{X)) + d7^MY),X) 
we immediately obtain the following expression for X J drj — 2 ■ VxC- 

g{XJd7]~2-Vx^,V'iY)) = -dF{X,Y,0 + N{Y,t^{X)). 

Moreover, in the special case that the Nijenhuis tensor is totally skew-symmetric, we have (see 
[FT]. Lemma 8.3) 

iV(y,C,^(X)) = -dF{ip{X),^{Y),0 = -dF{X,Y,0, 
and the proof of the proposition follows directly. □ 

In dimension five the condition that the Nijenhuis tensor is totally skew-symmetric is equivalent 
to its vanishing (see |CGp . Therefore we will consider only 5-dimensional, normal almost 
contact metric structures with a Killing vector field ^. The integrability condition for the 
existence of a V-parallel spinor field in one of the 1-diniensional bundles was investigated 
in the paper |FIj . Here we will study the same problem in case that the V-parallel spinor is in 
E^. First we suppose that the normal almost contact structure is regular, i.e., the orbit space 
A^^ := is a smooth manifold. In this situation the projection 

is a principal S'^-bundlc with curvature form f2 :— drj. Since the Lie derivative L^^ip = of the 
endomorphism tp with respect to ^ vanishes (see jBlair| . p. 49), the manifold admits 

(1) a Riemannian metric 5, 

(2) an integrable complex structure Lp corresponding to (p^ 

(3) a form F{X, Y) :— g{X, (p{Y)). In general (iV^, g, (p) is not a Kahler manifold. 

(4) a closed 2-form Cl. 
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The manifold is oriented by the positive frame {ei, 62 = —ip[ei), 63, 64 = — (^(ea), 65} 
and we orient the manifold iV^ in the same way. Then is a section in the positive twistor 
bundle Z^{N'^) of the 4-manifold iV*. Suppose that there exists a V-parallel spinor 7/), 

v^V' + ^-(^jr)-v = 0, 

and let us compute its Lie derivative (see |BGp : 

C^Tp = V^^ij) — — ■ drj ■ ^ = — -■ drj ■ ip . 

Since dri[ip{X) , Lp{Y)) — dri{X,Y) (see |Blair| . page 51), we can write drj in the form 

drj = a • ei A 62 + 6 • (ei A 63 + 62 A 64) + e • (61 A 64 — 62 A 63) + d • 63 A 64 . 

If the spinor field ip is a. section in the 2-dimensional bundle T,"^, then drj ■ %p — Q holds if and 
only if dr] is proportional to F . The spinor field ip defines a parallel spinor field Tp on the 
manifold -/V^. Since the Spin(4)-representation A| is isomorphic to A^, the parallel spinor field 
ip € r(A^^;S^) is a section in the negative spinor bundle and it induces a negative complex 
structure ip E Z^{N^). Denote by iV* the manifold equipped with the opposite orientation. 
Then {N*,g,Tp) is a Ricci flat, antiself-dual Kahler manifold and if> E Z~{N'^) becomes a 
negative, integrable complex structure with closed fundamental form, dF = 0. Therefore (,3 is a 
parallel complex structure and, consequently, the negative part of the Weyl tensor vanishes, 
too. In particular, we have proved 

Theorem 3.1. Let {M^ ,g,£^,rj,ip) he a 5-dimensional, compact a-Sasakian spin manifold and 
denote by V the unique connection with totally skew- symmetric torsion T = rj A drj. Moreover, 
suppose that the contact structure is regular. If there exists a ^-parallel spinor field ip such that 
F ■ Tp = 0, then the a-Sasakian structure is an -bundle over a flat torus. 

If the spinor ip is a, section in the 1-dimensional bundle E^, then drj ■ tp — holds if and only if 
a = —d. The projected spinor ip is parallel with respect to a metric connection with torsion, the 
metric g is antiself-dual and the 2-form Ct is antiself-dual, too. The space N'^ is a hyperhermitian 
manifold with torsion (or, equivalently, a hypercomplex manifold). In the compact case there 
are only three possibilities: the flat torus, a /C3-surface or a Hopf surface (see jPIl \IP\ ). 

Theorem 3.2. Let (M^, 17, ^, 77, (^) be a 5-dimensional, compact, regular normal almost contact 
metric spin manifold with a Killing vector field and denote by V the unique connection with 
totally skew- symmetric torsion. If there exists a projectable V-parallel spinor field tp in the 
bundle E^, then is a -bundle over a flat torus, a Ki-surface or over a Hopf surface. If 
the projectable V-parallel spinor belongs to the 2-dimensional bundle Y? , then is a S^-bundle 
over a flat torus or over a Hopf surface. 

4. The quasi-Sasakian case 

We will integrate the structure equations of a quasi-Sasakian manifold admitting a V-parallel 
spinor of type F ■ ip = Q. Choosing the orthonormal frame 61, ... ,65 in the U(l)-reduction 
deflned by the V-parallel spinor, an easy computation yields the proof of the following 

Proposition 4.1. Let {M^ , g, ^,7], ip) be a normal almost contact metric spin manifold with 
Killing vector field Denote by V the unique connection with totally skew- symmetric torsion 
T and preserving the structure. Moreover, suppose that there exists a V-parallel spinor field of 
type F ■ Tp — 0. Then, locally, there exists an orthonormal frame as well as a 1-form A such 
that the structure equations of the Riemannian manifold are given by 

dei — ^ A 62 + 61 J T, de2 — — A A ei + 62 J T, de^ = A A 64 + 63 J T, 
^64 = — A A 63 -I- 64 J r, der, — 65 J T . 



ALMOST CONTACT MANIFOLDS, CONNECTIONS WITH TORSION, AND PARALLEL SPINORS 7 



Example 4.1. In we consider the 1-forms 

ei = ^dxi, 62 = ^dyi, 63 = ^(ix2, 64 = ^^2/2, 65 = = ^{dz - yi ■ dxi - y2 ■ dx2) ■ 

We obtain a Sasakian manifold (see |Blair| ) and it is not hard to see that this Sasakian manifold 
admits V-parallel spinors of type F ■ ip = Q. The Sasakian structure arises from left invariant 
vector fields on a 5-dimensional Heisenberg group. 

First we will prove that Example l4.1l is locally the only Sasakian manifold admitting a V-parallel 
spinor of type F ■ if) ^ Q. Partially, we studied this case already in |FI| . 

Theorem 4.1. Let [M^ ,g,^,ri,Lp) he a ^-dimensional Sasakian spin manifold and denote by 
V the unique connection with totally skew- symmetric torsion T = 77 A drj. If there exists a 
^ -parallel spinor field ijj such that F ■ ip — 0, then the Sasakian structure is locally equivalent 
to the structure described in Example \4-1\ 

Proof. In case the almost contact metric structure is Sasakian, the exterior derivative drj is 
proportional to the fundamental form, 

dr] ^ 2- F, T = 2 • (61 A 62 + 63 A 64) A 65 . 
The structure equations of the Riemannian manifold can be simplified to: 

dei = A A 62 + 2 • 62 A 65, d62 = — A A 61 — 2 • 61 A 65 , 
des = A A 64 + 2 • 64 A 65, ^64 = — A A 63 ~ 2 • 63 A 65 , 
c?65 = 2 • (61 A 62 + 63 A 64) . 
Differentiating the system we see that the 1-form C ^ — 2-65 satisfies the algebraic equations 

dCA6i = dCA62 = dCA63 = dC A 64 = 0, 

i. e., C is a closed form, dC ~ 0. Moreover, we obtain 

fl^ = dA = 2 • d65 = 4 • (61 A 62 + 63 A 64) 

and, in particular, Ric'^ = diag(— 4, —4, —4, —4, 0). Locally there exists a function / such that 
C is the differential of /, C — df. Using the new frame 

e*i := cos(/) • 61 - sin(/) • 62, e^ := sin(/) • 61 + cos(/) • 62 , 

e3 cos(/) • 63 - sin(/) • 64, el := sin(/) • 63 + cos(/) • 64 , 
we obtain the equations 

del = '^^2 = del — — 0, ^65 = 2 • (6]| A 63 + 63 A 64) . □ 

We will generalize the argument used for Sasakian manifolds. The aim is the construction of 
almost contact metric structures admitting V-parallel spinors of type F ■ ip — 0. We assume 
that the structure under consideration is quasi-Sasakian: 

AT = 0, dF = 0, ^ is a Killing field . 

The torsion form is given hy T = rj A drj and drj has the invariance property dr]{ip{X), ip(Y)) = 
dri{X, Y) (see jBlair| . p. 51). Therefore there exist functions a, b, e, d such that 

drj = a • 61 A 62 -I- 6 • (61 A 63 -I- 62 A 64) -f e • (61 A 64 — 62 A 63) + d • 63 A 64 

holds. The structure equations yield the following system: 

dei = A A 62 + a • 62 A 65 + 6 • 63 A 65 -f- 6 • 64 A 65 , 
c?62 = — A A 61 — a • 61 A 65 -f 5 • 64 A 65 — c • 63 A 65 , 

(*) c?63 = A A 64 — 5 • 61 A 65 -f 6 • 62 A 65 -f d • 64 A 65 , 

c?64 = — j4 A 63 — 6 • 61 A 65 — 6 • 62 A 65 — d • 63 A 65 , 

de^ = a • 61 A 62 + 6 • (61 A 63 -I- 62 A 64) + e • (61 A 64 — 62 A 63) -t- d • 63 A 64 . 
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We suppose now that a, 6, c, d are constant. For example, this assumption is satisfied if the quasi- 
Sasakian structure is locally homogeneous. We study the integrability condition of the system 
(*). A straightforward, but lengthy computation yields that there is only one integrability 
condition. 

Lemma 4.1. Let a,b,c,d be constant and A be a 1-form. The system (*) is integrable if and 
only if the equation 

Vt"^ = dA = [ad-b^ -c^)-F 

holds. 

Conversely, fix real parameters a, 6, c, d and suppose that b^ + — ad 0. Then there exist 
(see |Fla| . chapter 7.6) locally 1-forms ei, . . . , 65, A solving the system (*) and the equation 

dA = {ad-b^~c^)-F . 

We define a Riemannian metric as well as an almost contact metric structure by the condition 
that ei, . . . ,65 = ?7 is an orthonormal frame. We denote the corresponding almost contact 
metric manifold by Af^(a, b, c, d). Its connection forms of the Levi-Civita connection are: 

2 • Wis = (+a • 62 + • 63 + c • 64), 2 • LO25 ~ {—a • ei — c • 63 + 6 • 64), 
2 • UJ35 = (— • ei + c • 62 + d • 64), 2 • UJ45 — (— c • ei — 6 • 62 — d • 63), 
2 • W12 = 2 -A — 0-65, 2 • aji3 = — 6-65, 2 • ti>i4 — — 0-65, 
2 • W34 = 2- A - d- e^, 2-^23 = c • 65, 2 • 1^24 = - • 65 . 
We verify now by a direct computation that ^ is a Killing vector field, the Nijenhuis tensor 
vanishes and the fundamental form F is closed, dF = 0. Moreover, the torsion form T = rj Adrj 
is coclosed, S{T) = 0. Let us summarize the result. 

Theorem 4.2. The almost contact metric manifold (a, b,c,d) has the following properties: 

(1) ^ is a Killing vector field. 

(2) The Nijenhuis tensor vanishes, N — 0. 

(3) The fundamental form is closed, dF — 0. 

(4) drj A drj = {ad - b"^ - c^) ■ F A F . 

(5) The torsion form T — rj A drj is coclosed, S{T) — 0. 

(6) There exist two \7 -parallel spinor fields with F ■ ip = 0. 

(7) The Ricci tensor of the connection V is 

Kic^ = (&2 -ad) • diag(l, 1, 1, 1, 0). 

Conversely, if is a locally homogeneous, quasi- S as akian spin manifold with a W -parallel 
spinor of type F ■ tp = 0, then is locally equivalent to one of the manifolds M^{a, b, c, d). 
For any metric connection with totally skew-symmetric torsion the action of the 4-form 

5 

2-<J^ ^(e, JT) A (e, JT) 

on spinors plays an important role (see ^J|). For the quasi-Sasakian structures M^{a,b,c,d) 
we immediately obtain the formula 

dT + 2 • 0-^ + Scal^ = 4 • (arf - 6^ - c^) • (ei A 62 A 63 A 64 - 1) . 

Moreover, on the relation ei • 62 = — 63 • 64 holds and then we obtain 

d • 62 • 63 • 64 — 1 = . 

Finally we apply a general integral formula (see |FTj'). 

Theorem 4.3. Let {M^ ,g,^,rj,ip) be a compact, locally homogeneous quasi-Sasakian spin man- 
ifold. Denote by the Dirac operator defined by its unique connection V with totally skew- 
symmetric torsion. Then any V -harmonic spinor of type F ■ ip — is V -parallel, 

{D^iP = 0, F-ijj^O} = {VtA = 0, F-^ = 0}. 
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Remark that dT+2 ■ + Scal^ acts on the bundles by a muhiphcation by ±8 • {ad— b^ — c^). 
Hence, in one of these 1-dimensional subbundlcs of the spinor bundle there are no V-harmonic 
spinors at all. 

We will interpret the quasi-Sasakian structures M^{a, b, c, d). The system 
dA = {ad - 6^ - c^) • (ei A 62 + 63 A 64) , 
dei = ^ A 62 + a • 62 A 65 + 6 • 63 A 65 + c • 64 A 65 , 
c?62 = — A A 61 — a • 61 A 65 + 5 • 64 A 65 — c • 63 A 65 , 
c?63 = A A 64 — 6 • 61 A 65 + c • 62 A 65 + (i • 64 A 65 , 
o?e4 ~ — A A 63 — 6 • 61 A 65 — 5 • 62 A 65 — d • 63 A 65 , 
de^ = a • 61 A 62 + 6 • (ei A 63 + 62 A 64) + e • (61 A 64 — 62 A 63) + c? • 63 A 64 
has a solution in MP (see jFlaj . Lie's third Theorem). Moreover, there exists a 6-dimensional Lie 
group G{a, b, c, d) such that the forms 61, . . . , 65, v4 constitute a basis of the left invariant forms. 
Any submanifold C G{a,b,c,d) such that the restricted forms 61, ... ,65 are independent 
is a model for the quasi-Sasakian structure M^{a,b,c,d). In the Sasakian case {a = d = 2, 
c = d = Q) the Lie group G(l, 0, 0, 1) is the product of the 5-dimensional Heisenberg group by 
M} . Let us discuss the case oi a~ c~ d ~Q, b ~ 1. Introducing the 1-forms 

\/2-e* := 61+64, V2 ■ 62 := 62-63, V2 • 63 := 64-64, V2 ■ el := 62+63, 

C* := A + 65, C; := A -65, 

this system is equivalent to 

del = C'rA62, ^62 = -C1A6*, ^63 = C2A64, del = - A e^, 
dC* — — 2 • 6^ A 62 , dC2 = — 2 • 63 A 64 . 
Consequently, in case of a ^ c ~ d ~ 0, & = 1, the group G is isomorphic to the group x 
and a generic submanifold of codimension one admits a quasi-Sasakian structure of that type. 
An interesting example is the 5-dimensional Stiefel manifold ¥4^2 defined as the set of orthogonal 
pairs {x, y) of vectors in of length one, 

V4,2 = {{x,y) e : ||x|| = ||y|| = 1, g{x,y) = 0} C x S\ 

The Stiefel manifold is a naturally reductive space, it admits an Einstein metric constructed 
first by J. Jensen (see |,Tenj ) as well as real Killing spinors (see jFrill V The Killing spinor 
induces a Sasakian structure on ^4,2, but the spinor does not belong to the subbundle with 
respect to this Sasakian structure. However, there is a second quasi-Sasakian structure realizing 
our parameters a — c = d = and 6^0 and it corresponds to the embedding of ¥4^2 into 
X S^. Finally one can construct a third, nonquasi-Sasakian structure on V4^2 with 

TV = 0, dF ^ 0, d'^F = 0. 

Its torsion is thus again given by T = 77 A drj, it admits a V-parallel spinor, but this spinor 
does not belong to the bundle S^. In a forthcoming paper (see (Agnj) this example and more 
general connections on it will be discussed from the point of view of naturally reductive spaces. 
In particular, it turns out that for all three structures the corresponding connection coincides 
with the canonical connection of the reductive space. 

In the degenerate case, i.e., a=l,6 = c = (i = 0, we have to solve 
dei — ^ A 62 + 62 A 65, de2 = — AA61 — 61A65, ^63 = ^A64, c?e4 = — A A e^, 

de^ = 61 A 62, dA = 0. 
Locally the 1-forni A is the differential of some function, A — df. We introduce again a new 
frame 6^, . . . , 65 by the same formulas as in the proof of Theorem 4.1. The equations now read 

dei — ^2^65, 062 = 65 A 61, 065 = 61 A 62, 063 = 0, de^ — 
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and, consequently, the degenerate quasi-Sasakian structure M^(l, 0,0,0) is realized on the Lie 
group X M^. 

5. The dilation function and conformal transformations 

Consider an almost contact metric structure {M^'^~^^ , g,^,r],(p) with skew-symmetric Nijenhuis 
tensor N and Killing vector field ^. The torsion of its unique connection V is given by 

T = r]Adr] + d'^F + N-r]A{^JN). 

Let us introduce the Lee form 9 defined by the formula 

^ 2fe+l 

:= --Y,T{^{X),ei,^{ei)). 

i=l 

Remark that all vectors in the tuple {(p{X), Ci, ^p{ei)) are orthogonal to ^ except in case ej = ^. 
Consequently, wc have 

r7Arfr7(y.(X),e„<^(eO) = 0, A [i J N){ip{X) , a, ^{a)) =0. 

Moreover, since N is skew-symmetric, we obtain the formula 

N{ip{X),e„ip{ei)) = g{N{eu^{ei)),^{X)) = dT^{e,,^{e,)) ■ g{i,^{X)) = 0. 

To summarize, the Lee form 6 depends only on the exterior derivative of the fundamental form, 

^ 2fc+l 

W ~ - o E dF{X,ei,^{ei)) 
^ i=i 

We define a new almost contact metric structure by the formulas 

ifi' := ip, ^' := ^ T]' := T], g' := e^f ■ g + {1 - e'^f) ■ T] ^ T] . 

If the function / is constant along the integral curve of ^, df{^) = 0, wc call the transformation 
special conformal. Moreover, computing the Lie derivative of the new metric g' with 

respect to the vector field, we obtain the following 

Proposition 5.1. The class of all almost contact metric manifolds with skew- symmetric Ni- 
jenhuis tensor and Killing vector field ^ is invariant under special conformal transformations. 
In particular, if (M^*'^^, g, ^, 77, ip) admits a connection with totally skew-symmetric torsion and 
preserving the structure, then the transformed manifold admits again such a connection. Let 
us compute the new torsion form T' as well as the new Lee form 6'. Since the fundamental 
form and the Nijenhuis tensor transform as 

F' = e'^f-F, N' = N 
and the new torsion form is given by T' = r]' A dr( -\- d"^' F' + N' — rj' A A N'), we have 
Proposition 5.2. Let {M'^''~^^,g,£^,ri,(p) be an almost contact metric m.anifold with skew- 
symmetric Nijenhuis tensor and Killing vector field ^. The torsion form T' and the Lee form 
9' of a structure obtained by a special conformal transformation are given by the formulas: 

T' = T+{e^f -l)-d'^F-2-e'^f ■{dfoip)AF, 9' = 9 + 2-df. 

We compute the relation between the spinorial covariant derivatives , corresponding to 
the Levi-Civita connections of g and g' as well as between V and V. Let us summarize the 
result: 

Proposition 5.3. Let X be a vector field orthogonal to ^ and be an arbitrary spinor field. 
Then the following formulas hold: 

V^V = W<^x^ + \-{df-X-X-df)-i;-\-^^^-iXJdr,)-^-ij, 

- 1 

V = V|V' + ^ dri-ip. 
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If, in addition, the Nijenhuis tensor N = vanishes, one has 

= Vxi^ + l-{df-X-X-df)-i,-^-Xj{dfo^)AF-i,, 

e-2/ - 1 

V^V = VjV + 2 dV-ip- 

Proof. The first two formulas are direct consequences of the transformation of the Levi-Civita 
connection. For example, let us compute the third formula. First remark that the new torsion 
form T' can be expressed as 

T' = e'^f ■T+{l-e^f)-riAdr]-2-e'^f ■{dfoip)AF. 

In a fixed ^f'-orthonormal frame e'l := e~^ • ei, . . . , 62^. := e~^ ■ e2fe, e'2j.^i := 62^+1 = ^ we obtain 

2fc 2fc 

V^V = V^^ + - ^'(X,e;,e;)•ei•e,■•^+-^T'(X,eU)•e,•^V 

i,j=l i=l 

2k _f 

= V + g E ei,ej)-ei-ej-^-2.{Xj{dfo<p)AF).^+^-{Xjdrj)-^-^. 

We used that r] A dr]{X, ei,ej) = vanishes for X orthogonal to ^ and i,j<2kas well as the 
formula 

T'(X,eU) - iUT'){X,e^) = dr^{X,e^) = f ■ di^{X , a) . 

We apply now the formula for the relation between the spinorial connections and and 
combine the latter formula with the definition of the connection V. Then the term involving 
{X J dr}) ■ ^ - ip cancels and finally we get the required formula. □ 

In dimension five one verifies directly that the following endomorphisms acting on the different 
parts of the spinor coincide: 

2-Xj{dfoip)AF = df-X-X-df on the bundle , 

2- X J{df oif) AF = -df-X + X-df on the bundle 

Consequently, the formulas for the transformation of the spinorial covariant derivative in direc- 
tions X orthogonal to ^ can be simplified, 

Vx^ = Vxi> forVer(s±), v'xi' = Vxi^ + \{df ■x-x-df)-i> forVercs^). 

We see that a V-parallel spinor in the bundle never transforms into a V'-parallel spinor 
excepted if / is constant. In the bundle the situation is different, it may occtii. 
Theorem 5.1. Let {M^,g, ^, rj, (p, V) and {M^,g', ^, 77, V') be two b-dimensional almost con- 
tact metric normal manifolds with Killing vector field ^ which are connected by a special con- 
formal transformation. If dr} is antiself-dual then a spinor is V-parallel if and only if it is 
\/' -parallel. 

In dimension five the Lee form determines completely the exterior derivative dF of the funda- 
mental form, provided the vector field ^ is Killing: 

dF = OAF, d'^F = -{eoip)AF, T = rj A drj - {6 o cp) A F . 

Consider a structure with closed Loc form 6 and solve locally the equation 2 ■ df -\- = 0. Since 
9{^) = 0, the function / does not depend on ^ and wc obtain 

d{F') = d{e^^ -F) = e^f ■(2-df AF + dF) = e^^' ■ {2 ■ df + 0) A F = . 

Proposition 5.4. Let {M^,g,S^,ri,<p) be a dimensional, normal almost contact metric mani- 
fold with closed Lee form and Killing vector field ^. Then the space is locally special conformal 
to a quasi- S as akian manifold. 
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We investigate the algebraic equation (2 • (i$ ~T)-ip — for the differential of a dilation function 
4> on a 5-dimensional manifold. If the almost contact structure is regular this second Killing 
equation means that the spinor is projectable. Again, there are two cases depending on the 
algebraic type of the spinor. The corresponding relations between the 1-form (i$ and the 3-form 
T were computed in the paper (FIj (Lemma 7.2 and lemma 7.5). In order to formulate these 
relations in an invariant way, let us introduce the Hodge operator acting in the 4-dimensional 
orthogonal complement of the vector field ^. 

Proposition 5.5. The equation {2 ■ — T) ■ ip = 

(1) admits a solution ^ ?A € if and only if 2 • d^ = — 0, *4^dri = — drj . 

(2) admits a solution Q ^ if and only if 2 • d'^ — 6, *4dr] — drj . 

Theorem 5.2. Let {M^ , g,£^,ri,tp) be a normal almost contact metric manifold with Killing 
vector field ^. If there exist a function $ and an arbitrary, nontrivial spinor ip such that 

(2 • d$ - T) • = , 

then the Lee form is closed and is locally special conformal to a quasi- S as akian manifold. 

We discuss the case that ^ is a section in the 2-dimensional bundle in more detail. Since 
the Nijenhuis tensor vanishes, the 2-form drj has the invariance property (see |Blair| . p. 51) 

dvMX),^{Y)) - dfj{X,Y). 

Together with 't'^drj — drj the latter relation yields that drj is proportional to F, 

df] = a-F, 2-d<^> = 9. 

The function a is related to $. Indeed, we have 

ddr] ^ daAF + a-dF = {da + a ■ 9) A F ^ {da + 2 ■ a ■ d^) A F , 

and with respect to _F = ei A £2 + 63 A 64 we conclude that 

da + 2-a-d^ = 0, a = ^ ■ e"^* . 

We apply a special conformal transformation using the function / = — $. The new metric 
becomes 

g' = C ■a-g+{l-C ■a)-r](g,r], F' = C-a-F = C ■ dr]' 
i.e., the manifold (Af^, 5', ?/, (p') is a-Sasakian. 

Theorem 5.3. Let {AI^ , g,£^,ri,ip) be a normal almost contact metric spin manifold with a 
Killing vector ^ and let ^ be a smooth function. If there exists an arbitrary, nontrivial spinor 
field ip G r(S^) such that 

{2 ■ d<i> - T) ■ ijj = 0, 

then is specially conformal to a Sasakian manifold {M^ ,g' ,^,rj,ip). The metric g' as well 
as the torsion T' of the connection V' are given by the formulas 

g' = e-2*.5+(i_e"2*)-?7 77, T' = T + 2 ■ {d<^ o ^) AF . 

The spinor field ip is a solution of the algebraic equation T' ■ ip — and for any spinor field in 
we have 

V'xip = Vxi^+]^-{X-d^-d<^-X)-iP, V'^ip = VjV- 

We did not assume that the spinor field ip is V-parallel. But now let us consider a V-parallel 
spinor field %p in on a quasi-Sasakian spin manifold, 

Vi/i = 0, (2 • d$ - T) • -0 = 0, dF ^ 0. 

The relation drj ^ a ■ F yields that the function a is constant and, consequently, the dilation 
function $ is constant, too. 
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Theorem 5.4. Let {M^,g,£^,rj,ip) be a quasi- Sasakian spin manifold with a Killing vector ^ 
and let ^ be a smooth function. If there exists a nontrivial W -parallel spinor field ij] G T{Y?) 
such that 

{2-d^-T)-iP ^ 0, W = 0, 

then the dilation function $ is constant and is special conformal homothetic to a Sasakian 
manifold of Example \4.1\ 

Example 5.1. Consider the manifolds M^{a,b,c,d) . Using the formula for the 2-form dr/ as 
well as the matrix representation of the 5-dimensional Clifford algebra we compute that the 
endomorphism T = rj A dr] acts on as a symmetric endomorphism with two eigenvalues 
±-\/(a — d)^ + 46^ + 4c2. In particular, a V-parallel spinor satisfying the algebraic equation 
T ■ ip — exists only in case that a = d and 6 = 0, c = 0. 

6. Harmonic 1-forms in the presence of V-parallel spinors 

A classical Theorem of Tachibana states that on a compact iiT-contact manifold (M^'^+^ ,g,£,, f) 
any harmonic 1-form to is orthogonal to r/, ^ J = (see Blai^, page 69). The X-contact 
condition means by definition that ^ is a Killing vector field and drj is proportional to the fun- 
damental form F, drj = 2 ■ F. In particular, in Tachibana's Theorem there is no assumption 
about the Nijenhuis tensor N. We will prove a similar result, but in a quite different situation. 

Theorem 6.1. Let {M'^^'^^ , g, ^, rj, (p) be a compact, almost contact metric manifold with totally 
skew- symmetric Nijenhuis tensor N and Killing vector field ^. Denote by T the torsion form 
of its contact unique connection V and suppose that 

£,A6{T~d'fF) = 

holds. Then any harmonic 1-form is orthogonal to rj. 

Proof. Basically, we follow the proof of Tachibana's Theorem. A harmonic 1-form w on a 
compact Riemannian manifold is invariant under any Killing vector field, C^lu — 0. Since 

= C^LJ = ( J duj + d{^ J Lj) = d{^Juj) 

the function lu{^) is constant. We introduce the 1-form f3 :~ uj — ■ rj and compute 

A(/3) = -c.(0-A(r;) - - ^(^) . + dJ(r;)) - - u{0 ■ 5d{ri) ■ 

On the other hand, since ^ is a Killing vector field, we have 

5dr^{X)-]^-7^{X)-\dif = 5d,7(X)-2.r,(X).|V^ry|2 = Sij^ Adi^){X,£,) = 6{T ^ d"^ F){X,0 

and the assumption yields the equality 

2 • 5d{ri) = |d77p -rj. 
Using that 13 and rj are orthogonal, (/3,?7) = 0, we obtain 

2- / (A(/3),/3) = - / u:{0-\drj\^-{(3,ii) = 

and, consequently, /? is a harmonic 1-form. Since drj is a nonvanishing 2-form we conclude that 
w(0 =0. □ 

Remark 6.1. We proved in fact that any harmonic 1-form satisfying the algebraic condition 
d{T - d'^F){uj, = is orthogonal to rj. 

Example 6.1. The latter Theorem applies for quasi-Sasakian manifolds {N — 0, dF — and ^ 
Killing) with divergence free torsion form T. Locally homogeneous examples of this type have 
been discussed in section 4. 
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Example 6.2. Consider a quasi-Sasakian spin manifold. The spinor bundle S of M^''"'"^ splits 
into several parts and precisely two subbundle are 1-dimensional. If there exists a V-parallel 
spinor in one of these bundles, then the condition of the Theorem is satisfied. Indeed, using 
Proposition 9.1 of |FI| . the integrability condition of the parallel spinor yields the equation 

ST{X,^) = -Ric^{^,X) = 0. 

Let us again discuss the 5-dimensional quasi-Sasaki case with a V-parallel spinor in more details. 
If the spinor is a section in one of the bundles , then any harmonic 1-form is orthogonal to 
r] (see Example 16. 2|l . Suppose next that the V-parallel spinor is in S^. The Ricci tensor of the 
connection V is given by the curvature form fl^ of the connection A (see Theorem 12. 

Ric^(r,z) = n^(Y,ip{z)). 

From the formula (see [^, section 2) 

6{T){x,o = Ric^(^,x)-Ric^(x,o = n^{^,^{x))-n^{x,^{0) = n^{^,v{x)) 

we see that ^ J 5{T) coincides with (^ J Q"^) o ip. We compute il'^ A F. In fact, we have the 
general formula (see |F1|) 

o , 5 

n^AF = a{R^) = t.dT-a^, := - ^(e, J T) A (e, J T) 

i=l 

and the structure equations for a quasi-Sasakian manifold with parallel spinor field in yield 

^JdT = ^Ja^ = 0. 

Finally, we conclude that ^ J (fi"^ A F) = and the form ^ J S{T) vanishes. 

Theorem 6.2. Let {M^ ,g,£^,rj,ip) he a compact, 5-dimensional quasi-Sasakian manifold with 
a \/ -parallel spinor. Then any harmonic 1-form is orthogonal to rj. 
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